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Abstract 
Modelling of Pulsed Laser Ablation (PLA) for the prediction of complex geometries has generally 
achieved limited success when aimed at large structures resulting from a high number of overlapped 
pulses, in particular for the ablation of metallic materials, where a significant volume of molten and 
re-deposited material can be present. In order to extend the capabilities of process simulation for 
surface prediction of PLA, this paper presents a novel problem formulation that takes into 
consideration the behaviour of the ejected/redeposited melt as well as the non-linear interaction 
between successive pulses when a laser beam is scanned along a given path. This results in a simplified 
mathematical framework capable of predicting features with good accuracy and low computational 
cost. The evolution of the depth/height at any point on the surface can be described by the 
convolution of a radially-varying function that represents the steady state ablation footprint (which 
includes also material redeposition) created by a pulsed laser scanned across the workpiece scaled 
according to pulse separation distance (i.e. feed speed). The model also reveals some interesting 
dynamics of the behaviour of redeposited material, which appears to have a lower removal threshold 
compared to the virgin material. This can be taken into account in a modified model formulation by 
introducing a linear scaling coefficient for the ablation function. Validation of the model on Ni- and Ti- 
superalloy for both the prediction of single trenches (i.e. scanning along straight path) at constant and 
variable feed speed, and overlapped trenches, is performed with an average error of less than 10%. 
The framework presented in the paper could provide a valuable step forward in process modelling of 
PLA for real-world industrial applications. 
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Nomenclature 
 
(𝑥, 𝑦, 𝑧) coordinate system 
𝑛 pulse number 
𝑍(𝑥, 𝑦, 𝑁) depth/height of the surface at point (𝑥, 𝑦) after N pulses 
𝑟   radial distance from the centre of laser beam 
𝐸(𝑟) laser footprint (i.e. shape) function of the crater produced by a single laser pulse 
𝐸−(𝑟) material removal function 
𝐸+(𝑟) material re-deposition function 
𝑉𝑓𝑒𝑒𝑑 feed speed of the moving laser beam 
𝛿𝑥 pulse separation distance 
𝑓(𝛿𝑥) function representing the interaction between pulses with separation 𝛿𝑥 
𝑅 laser repetition rate 
𝑤𝑜 laser beam diameter (1/𝑒
2) 
𝑔(𝛿𝑥) cumulative scaling function representing the sum of all interaction between pulses with 
constant separation 𝛿𝑥 
𝛼 linear scaling of 𝐸(𝑟) for variation of feed speed 
𝛽 non-linear scaling of 𝐸(𝑟) for variation of feed speed 
𝑘 linear scaling of 𝐸−(𝑟) for removal of redeposited material 
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2. Introduction 
In recent years, the use of nanosecond pulsed lasers for micro-machining applications has gained 
widespread use in industry. In comparison to traditional manufacturing techniques, there are 
significant advantages, such as the ability to machine complex structures within micron-scale 
tolerances [1], and to cut virtually any material [2]. In addition, compared to other types of laser (ultra-
fast, CW), nanosecond laser ablation currently offers a good compromise between low surface 
damage (i.e. Heat Affect Zone, HAZ) and high volume throughput [3]. 
In general, Pulsed Laser Ablation (PLA) removes material using a highly focused laser beam, with 
intensity high enough (10^8-10^11 𝑊/𝑐𝑚2) to vaporise material nearly instantly [4]. At industrial 
levels, highly automated systems are often used, where the laser beam is scanned along a 2D path via 
a galvo scanner, allowing control of the desired depth of a machined feature by changes in scanning 
speed of the laser beam (i.e. feed speed). This is advantageous compared to control of the process by 
changes in power, as it allows a much more flexible and robust way of producing complex 2- and 3-D 
features as it is easy to continuously control the ablated material via beam path planning (including 
feed speed adjustment) using CNC of the machine system.  
Being a time dependent process (amount of removed material depends on time exposure of the beam 
over a particular area), PLA often requires experimental trial-and-error calibration to generate a 
desired workpiece geometry. Complete physical modelling of the process represents a challenging and 
computationally expensive task, often infeasible for large structures. The physical phenomena that 
occur during PLA span several time scales, ranging from picosecond (photon absorption [5], 
thermalization [5]), to nanosecond (phase changes [6], plasma formation [6]) microsecond (ejection 
[7], re-solidification [6]), and all states of matters (solid, liquid, vapour and plasma). Often, physical 
models/simulations must rely on sets of assumption, such as constant material properties [8], a 1 or 
2 dimensional domain [9] [10], or simplified plasma dynamics [11], to avoid excessive computational 
time.  
Additional issues are related to the presence of non-linear interactions between successive laser 
pulses, which renders most of the current approaches to predict real output geometries inconclusive 
in industrial applications with thousands of overlapped pulses. This also presents a problem for most 
mathematical models [12][13][14][15], as they are often based on calibration from the resultant crater 
(i.e. footprint) produced by a single laser pulse. 
Experimentally, a reduction in ablation threshold in multi-pulse irradiation of a target surface has been 
observed for a variety of different materials. In metals, this effect has been linked to the accumulation 
of thermally-induced plastic strain [16], from which a cumulative equation of the form 𝐹𝑡ℎ(𝑁) =
𝐹𝑡ℎ(1)𝑁
𝑆−1 has been formulated to link the resultant fluence threshold 𝐹𝑡ℎ(𝑁) after the N
th  pulse 
with the single pulse fluence threshold 𝐹𝑡ℎ(1), with incubation coefficients S ranging from 0.6-0.9 
[17][18]. More recent investigations have revealed that the origin of this incubation could be the 
formation of micro/nano pores below the surface due to the rapid quenching of molten material, 
which drastically reduces the mechanical integrity of the redeposited material, and therefore 
translates to an increase in material removal due to spallation [19]. 
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Fig. 1. Schematic of the Pulsed Laser Ablation (PLA) process and the resulting laser footprint on the target material 
(including removed and redeposited material) 
 
An additional source of non-linearity during interaction between laser pulses originates from the 
ejected material that constitutes the ablation plume (see Fig.1) [20]. The formation of plasma, which 
partially absorbs the incoming energy from the laser pulse, is a common occurrence in the nanosecond 
regime [20]. Furthermore, delayed ejection of particles, up to 1 s after the end of a pulse has been 
shown to be present [7]. This is a significant issue, especially for the high repetition rate lasers (i.e. 
short intra-pulse time separation) [21] that industry is currently progressing towards. Two competing 
mechanisms, the increase of absorbance due to intra-pulse heat conservation and the reduction of 
incoming energy due to plume shielding, are present and dominate at different values of repetition 
rates [21]. 
This is further complicated when considering a moving laser source. In this case, the effect of the 
separation distance between pulses (i.e. feed speed) can assume a major role in dictating the degree 
of interaction. Some attempts at predicting the non-linear effects when a pulsed laser is scanned along 
a straight path have been made [22][23] mostly focusing on the effect of material incubation, but have 
been less successful to account for all sources of non-linearity previously discussed and this would 
result in limited ability to predict accurately the workpiece surface topography. 
Recently, a novel framework has been proposed to allow simulation of any generic energy beam 
process (PLA, FIB, water-jet) from a simple set of calibration trials, while maintaining good accuracy 
and low computational cost [24]. The application of this model to PLA [25] has successfully 
demonstrated the ability of this approach to predict and account for the non-linear effects present 
during ablation only of particular classes of material (graphites and diamonds) that do not re-deposit. 
However, when considering laser micro-machining of metals, the model is not able to account for the 
presence of molten material, often present in significant quantity during nanosecond ablation due to 
the relatively long pulse duration. The dynamics of the molten material is influenced by the recoil 
pressure originating from the impingement of the expanded plume on the temporary molten pool 
created at the bottom of a pulse crater, with an additional contribution from surface tension [26]. 
Some of the molten material is ejected to contribute to the formation of the ablation plume [20], while 
the rest sticks to the surface giving rise to the characteristic redeposition pile-ups features produced 
on the side of an ablation crater (see Fig. 1). 
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Although some attempts at modelling material re-deposition have been presented [27][28][29], their 
predictions fail to account for the non-linearity intrinsically present in the ablation process, and have 
generally had limited success when used for geometrical prediction of complex features. 
In order to extend current capabilities of process simulation for pulsed laser ablation, this study aims 
to present a computationally-cheap model able to predict surface geometry after PLA of metallic 
materials which experience redeposition, whilst simultaneously accounting for the non-linear 
interaction between successive pulses. In particular, after a simple calibration procedure based on a 
limited set of experimental trials, the model is able to predict structures produced by a scanned laser 
beam, such as single trenches (i.e. scanning along a straight path) and overlapped trenches. The 
novelty of the model lies in its ability to capture the non-linear effects and the evolution of redeposited 
material pile up for a number of different scenarios. This is a significant advancement over current 
models, and could provide a valuable step forward in process modelling to enable the use of PLA as a 
method for machining true 2.5/3D free-forms in metallic materials that present redeposition. 
 
3. Mathematical model  
This section develops the mathematical framework for modelling of PLA of metallic materials which 
redeposit. The model is presented as two parts: section 3.1 lays the groundwork for the modelling of 
simple features produced by a laser beam scanned along a straight path (i.e. single trenches), while 
section 3.2 proposes a model for the prediction of overlapped trenches. 
3.1 Single Trenches Model 
We consider the simple case of a laser pulse from a laser source with given wavelength, power, 
repetition rate 𝑅 and beam diameter 𝑤𝑜, incident on a target surface 𝑧 = 𝑍(𝑥, 𝑦, 𝑛) of a given 
material, where 𝑛 is the pulse number, and with initial condition 𝑍(𝑥, 𝑦, 0) =  0 . The 2D surface 
describing the variation of the depth (for removal)/height (for redepositon) after the pulse can be 
expressed as 
 𝑍(𝑥, 𝑦, 1) = 𝐸 (√𝑥2 + 𝑦2) =  𝐸(𝑟) =  𝐸+(𝑟) + 𝐸−(𝑟), Eq. 1 
 
where 𝐸(𝑟)  is a radial function that represents the footprint (i.e. shape) of the crater produced by a 
single laser pulse (see Fig. 1), which includes material removal  𝐸−(𝑟) ≤ 0  via vaporization and melt 
displacement/ejection, representing the dominant processes in nanosecond PLA of metals [30], and 
material re-deposition, 𝐸+(𝑟) > 0 (see Fig. 2). 
We now consider the case of a second identical pulse incident on the surface at later time, displaced, 
for example, in the x direction by 𝛿𝑥 =
𝑉𝑓𝑒𝑒𝑑
𝑅
, where 𝑉𝑓𝑒𝑒𝑑 is the feed speed (i.e. scanning speed) of 
the moving laser source. The change in surface depth/height due to the 2nd pulse can be expressed as 
 
𝛿𝑍(𝑥, 𝑦, 𝑛, 𝛿𝑥) =  𝛿𝑍(𝑥, 𝑦, 2, 𝛿𝑥)
= 𝐸+ (√(𝑥 − 𝛿𝑥)2 + 𝑦2) 𝑓+(𝛿𝑥) + 𝐸− (√(𝑥 − 𝛿𝑥)2 + 𝑦2) 𝑓−(𝛿𝑥), 
Eq. 2 
 
where 𝑓−(𝛿𝑥) and 𝑓+(𝛿𝑥) are scaling functions that relate to removal and redeposition, and model 
the effect of the interactions between the 2nd and 1st pulses as a function of separation distance 𝛿𝑥, 
assuming that 𝑓+(𝛿𝑥) and 𝑓−(𝛿𝑥)  only scale the footprint function 𝐸(𝑟) in the z direction. 
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The resultant surface after the two overlapped pulses will therefore be  
 
 𝑍(𝑥, 𝑦, 2) = 𝑍(𝑥, 𝑦, 1) + 𝛿𝑍(𝑥, 𝑦, 2, 𝛿𝑥) Eq. 3 
 
For the 𝑛𝑡ℎ pulse of a scanned laser moving with constant 𝑉𝑓𝑒𝑒𝑑 (i.e. constant 𝛿𝑥) along a straight 
path, we need to consider the interaction with all preceding pulses. In doing this, we assume that the 
interaction between pulses can extend further than the diameter of a single pulse (for 𝛿𝑥 >  𝑤𝑜), to 
account for mechanisms such as plume shielding and heat accumulation which can still affect pulses 
close to each other but not overlapping. This can be expressed as 
 𝛿𝑍+(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝐸+ (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) [𝑓+(𝛿𝑥)𝑓+(2𝛿𝑥)𝑓+((𝑛 − 1)𝛿𝑥)], 
Eq. 4 
 𝛿𝑍−(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝐸− (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) [𝑓−(𝛿𝑥)𝑓−(2𝛿𝑥)𝑓−((𝑛 − 1)𝛿𝑥)]. 
 
Effectively, we can assume that the footprint of the 𝑛𝑡ℎ pulse will be influenced just by a limited subset 
of the preceding pulses when considering a large number of overlapped pulses. That is 
 lim
𝑛→∞
𝑓+(𝑛𝛿𝑥) = 1,    lim
𝑛→∞
𝑓−(𝑛𝛿𝑥) = 1. Eq. 5 
 
In the case of constant 𝑉𝑓𝑒𝑒𝑑 (i.e. constant 𝛿𝑥), we define a cumulative scaling function 
𝑔(𝛿𝑥) representing the sum of all interaction from pulses with constant separation 𝛿𝑥 as 
 
𝑔+(𝛿𝑥) =  ∏ 𝑓+(𝑛𝛿𝑥),
∞
𝑛=1
       𝑔−(𝛿𝑥) =  ∏ 𝑓−(𝑛𝛿𝑥).
∞
𝑛=1
     Eq. 6 
 
We can therefore rewrite Eq. 3 as 
 
𝛿𝑍(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝐸+ (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) 𝑔+(𝛿𝑥)
+ 𝐸− (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) 𝑔−(𝛿𝑥). 
Eq. 7 
 
Experimentally, it has been found that for straight trenches (i.e. scanning along straight path) obtained 
at constant feed speed (i.e. constant separation 𝛿𝑥), Eq. 7 is sufficient to describe the evolution of the 
surface, and a power law relationship has been found to describe reasonably well a wide range of 
separation distances (i.e. feed speed), with 
 
 𝑔+(𝛿𝑥) = [
𝛼+
𝛿𝑥𝛽
+],         𝑔
−(𝛿𝑥) = [
𝛼−
𝛿𝑥𝛽
−]. Eq. 8 
 
Here 𝛽+ and 𝛽− characterise the coefficient of the non-linear variation of material removal (𝐸−) and 
material redeposition (𝐸+) as a function of 𝛿𝑥, and 𝛼+and 𝛼−the relative scaling factor. These 
parameters need to be calibrated for each material-laser (wavelength, power, repetition rate and 
beam diameter) combination within the feed speed range considered (remembering that 𝛿𝑥 =
𝑉𝑓𝑒𝑒𝑑/𝑅). 
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Finally, the workpiece surface 𝑍(𝑥, 𝑦, 𝑁) obtained after 𝑁 pulses is 
 𝑍(𝑥, 𝑦, 𝑁) = 𝑍(𝑥, 𝑦, 1) + ∑ 𝛿𝑍(𝑥, 𝑦, 𝑛, 𝛿𝑥)
𝑁
𝑛=2
, Eq. 9 
 
with model parameters 𝐸(𝑟), 𝛼+, 𝛼−, 𝛽+and , 𝛽−that need to be calibrated experimentally (discussed 
later in section 4.2). 
If we ignore the initial transient response (see Fig. 2), the interaction between successive pulses will 
reach a steady state once enough pulses have been deposited, and, by calibrating the model 
parameters in this region, Eq. 9 can then be used to predict single trenches produced by a scanned 
laser beam at constant feed speed and at variable feed speed, provided that the variation of speed is 
slow. 
As will be shown later, this approximation is reasonable for modern high repetition rate lasers where 
each feature produced is the result of hundreds or more overlapped pulses, and variation of feed 
speeds is slow. 
  
 
Fig. 2. Diagram of geometrical modelling of PLA for single trenches produced by a scanned laser beam that includes the 
material removal and redeposition zone, highlighting the model assumption of a steady state process after a large number 
of pulses have been deposited on the surface. 
3.2 Overlapped Trenches Model 
When considering overlapped trenches (Fig. 3), it has been found that the current model 
underpredicts the amount of material removed, in particular, material that has been redeposited by 
previous pulses; this is likely caused by the effect of the laser on the surface causing changes in 
material properties. For example, during ablation of Ti- and Ni- superalloy, it is known that the 
properties of redeposited material are different from those of the bulk due to changes in 
microstructure and chemical composition (i.e. oxidation) [31][32], as well as the imperfect adhesion 
with the surface [19][31], which could influence the ablation process and result in an increase of 
material removal, either due to reduced mechanical integrity [19] or increase of absorptance [32][33]. 
These phenomena could represent a significant source of error, since the volume of redeposited 
material is not negligible, in particular in those regions where redeposition pile-ups occurs (see Fig. 3). 
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Fig. 3. Diagram of geometrical modelling of PLA for overlapped trenches produced by a scanned laser beam that includes the 
material removal and redeposition zone, highlighting the increase of material removal when ablating material redeposited 
by previous pulses. 
The current model is therefore modified to add a linear increase of the material removal when ablating 
the portion of the footprint where redeposited material is already present. This modification requires 
tracking of material movement and identity (i.e. virgin or redeposited) and can be formulated as 
follows: 
- Consider two surfaces 𝑧 = 𝑍1(𝑥, 𝑦, 𝑛) and 𝑧 = 𝑍2(𝑥, 𝑦, 𝑛), with initial 
conditions 𝑍1,2(𝑥, 𝑦, 0) =  0, where 𝑍1 represents the height of the virgin material and 𝑍2 that 
of redeposited material. 
- Consider the 𝑛𝑡ℎpulse of the laser with footprint 𝐸(𝑟), with 𝐸−(𝑟) representing the material 
removal and 𝐸+(𝑟) the material redeposition (such that 𝐸(𝑟) =  𝐸−(𝑟) + 𝐸+(𝑟)) . 
- For the 𝑛𝑡ℎpulse, if 𝑍2(𝑥, 𝑦, 𝑛) > 0, that is, redeposited material is being removed from 
𝑍1(𝑥, 𝑦, 𝑛) (see Fig. 3), the material removal footprint function 𝐸
−(𝑟) is scaled linearly by a 
coefficient 𝑘 = 𝑘1 (this assumption will be shown later as valid during the experimental 
validation), with 
 
 𝛿𝑍2
−(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝑘1𝐸
− (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) 𝑔−(𝛿𝑥). Eq. 10 
 
- If 𝑍2(𝑥, 𝑦, 𝑛) = 0, that is, virgin material is being removed from 𝑍1(𝑥, 𝑦, 𝑛) = 0 the material 
removal footprint  function 𝐸−(𝑟) behaves normally, with 𝑘 = 1, as 
 
 𝛿𝑍1(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝐸
− (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) 𝑔−(𝛿𝑥). Eq. 1 
 
- Subsequently, material is redeposited with 
 
 𝛿𝑍2
+(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝐸+ (√(𝑥 − (𝑛 − 1)𝛿𝑥)2 + 𝑦2) 𝑔+(𝛿𝑥). Eq. 2 
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- The overall change of surface 𝑍2 for the 𝑛
𝑡ℎ pulse is therefore  
 
 𝛿𝑍2(𝑥, 𝑦, 𝑛, 𝛿𝑥) = 𝛿𝑍2
−(𝑥, 𝑦, 𝑛, 𝛿𝑥) + 𝛿𝑍2
+(𝑥, 𝑦, 𝑛, 𝛿𝑥). Eq. 13 
 
- The two surfaces 𝑍2 and 𝑍1 are updated before the next pulse is calculated, with 
 
 𝑍1(𝑥, 𝑦, 𝑛) =  𝑍1(𝑥, 𝑦, 𝑛 − 1) + 𝛿𝑍1(𝑥, 𝑦, 𝑛, 𝛿𝑥), Eq. 3 
 𝑍2(𝑥, 𝑦, 𝑛) =  𝑍2(𝑥, 𝑦, 𝑛 − 1) + 𝛿𝑍2(𝑥, 𝑦, 𝑛, 𝛿𝑥). Eq. 45 
 
 
-   The final surface 𝑍(𝑥, 𝑦, 𝑁), obtained after 𝑁 pulses, is the sum of the two surfaces 
calculated, so that 
 
 𝑍(𝑥, 𝑦, 𝑁) =  𝑍1(𝑥, 𝑦, 𝑁) + 𝑍2(𝑥, 𝑦, 𝑁), Eq. 56 
 
with model parameters 𝐸(𝑟), 𝛼+, 𝛼−, 𝛽+, 𝛽− and 𝑘1 that need to be calibrated experimentally within 
a given feed speed range for each material-laser (wavelength, power, repetition rate and beam 
diameter) combination. 
Finally, Eq. 16 can be used for prediction of ablated and redeposited surfaces for single and overlapped 
trenches produced by a scanned laser beam, while also considering the increased material removal of 
material previously redeposited. The calibration of the model parameters is discussed later in section 
4.2. 
 
4. Experimental Methodology and Model Calibration 
4. 1 Experimental Methodology 
A nanosecond fibre laser (SPI-G3-HM) with a wavelength of 1064nm, a pulse duration of 50ns (FWHM) 
and pulse repetition frequency of 35 kHz is used in this study. The laser beam is focused using a 100 
mm f-theta lens to produce a Gaussian beam of 52.5 μm diameter (𝑤𝑜, 1/𝑒
2definition) as measured 
with a beam profiler (CMOS-1203, Cinogy Technologies), with a beam quality factor M^2 of < 1.6.The 
average power of the laser can be controlled in the range 0-17.2W, which corresponds to a fluence of 
up to 22.7 𝐽/𝑐𝑚2 at the focal plane.  
Movement of the laser beam-target workpiece is achieved using an Aerotech 5-axis system comprised 
of a 3-axis motorized stage for positioning the workpiece (1um accuracy), and a 2 -axis galvo scanner 
(AGV10HP) for movement of the beam on the focal plane. The maximum error in the velocity is 
estimated from the system control feedback as 4 mm/s. A schematic of the above described 
experimental setup is shown in Fig. 4.  
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Fig. 4: Experimental Setup used for model calibration and validation. 
 
The model presented above is calibrated and validated on two different metallic target materials that 
present material re-deposition for a wide range of process parameters. The first is a Ni-based 
superalloy (Inconel 718 [34]), generally used in high temperature environments, such as gas turbine 
engines, due its high strength, high fatigue resistance and high resistance to oxidation. The second is 
a Ti alloy (Ti6Al4V, Al 6%  V4% Ti bal.), a material with high strength to weight ratio and excellent 
oxidation resistance properties, often used for high performance application in the automotive, 
medical and aerospace industries. Both materials belong to a particular class of difficult-to-cut 
materials, which are usually processed industrially using non-conventional machining methods such 
as PLA. 
In order to minimize the effect of surface roughness on the ablation process, samples are mechanically 
polished following standard metallographic sample preparation procedures with SiC papers to achieve 
a low surface roughness (Ra < 50 nm). Measurement of the sample surface is performed with a white-
light interferometer (Bruker Gt-i), with a resolution of 250 nm, and analysed using an image analysis 
toolkit (MountainMap premium 7.2). 
 
4.2 Procedure for Model Calibration 
The calibration of the models presented above for single (Eq. 9) and overlapped trenches (Eq. 16) for 
a specific target material, is performed as an optimization problem over a set of experimentally-
ablated trenches, to minimize the difference between experimental 𝑍𝑒𝑥𝑝(𝑥, 𝑦, 𝑁) and modelled 
𝑍𝑚𝑜𝑑(𝑥, 𝑦, 𝑁) surfaces. In practice, for a fixed material-laser (wavelength, power, repetition rate, 
beam diameter) combination, the model can be used over a wide a range of feed speeds (i.e. pulse 
separation distance, remembering that 𝛿𝑥 = 𝑉𝑓𝑒𝑒𝑑/𝑅)).  
For the prediction of single trenches (Eq. 9), two straight trenches at the lower and upper bounds of 
the feed speed range considered are required to calibrate the model parameters: the scaling 
coefficients  [𝛼+, 𝛼−, 𝛽+, 𝛽−] and the laser footprint 𝐸(𝑟). To extend the capabilities of the model for 
prediction of overlapped trenches (Eq. 16), the calibration of an additional coefficient [𝑘1] is 
performed (Eq. 10), which requires an additional trench.  
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The optimization problem for calibrating the model parameters can be formulated as a single-
objective optimization solvable with a non-linear least squares algorithm, with objective function set 
as 
 𝐹(𝒙) = 0.5 ∑ (𝑍𝑒𝑥𝑝(𝑥𝑖, 𝑦𝑗 , 𝑁) − 𝑍𝑚𝑜𝑑(𝑥𝑖 , 𝑦𝑗, 𝑁)
2
), Eq. 6 
 
with input parameters 𝒙 = [𝐸(𝑟), 𝛼+, 𝛼−, 𝛽+, 𝛽−, 𝑘1(𝑜𝑝𝑡𝑖𝑜𝑛𝑎𝑙)]. 
For the calibration, it must be ensured that the area considered for the calibration, 𝑍𝑒𝑥𝑝(𝑥𝑖 , 𝑦𝑗, 𝑁), is 
one where the evolution of the surface has reached steady state (see Fig. 2) and the beam has been 
fully convoluted. This could represent a problem for very low feed speeds, as the short separation 
distance translates to a large number of pulses required to simulate the feature; furthermore, the high 
thermal input to the target material can result in the production of a high volume of 
melt/redeposition. As will be shown later, the performance of the model is limited in such scenarios, 
as the dynamics of melt movement (i.e. redeposition) can no longer be approximated as linear, and 
the influence of surface macro-geometry is significant. However, it must be noted that laser machining 
at such low feed speeds is often associated with excessive thermal damage [35], and higher feed 
speeds are generally preferred for real life applications. 
The selection of an appropriate feed speed (𝑉𝑓𝑒𝑒𝑑) range is therefore critical for the applicability of 
the model. Nevertheless, calibration of the framework to achieve control of the process via change of 
feed speed for fixed energy parameters (e.g. laser power) is still easier to implement compared to 
more traditional methods relying on changes of such energetic parameters.  
In practice, both Ni- and Ti- superalloys samples have been calibrated and modelled in the feed speed 
range 300 – 1000 mm/s, intervals commonly used during laser machining. As will be shown later in 
the experimental results (section 5), in this range, the variation of depths achieved are significant (e.g. 
single trenches on Ni-superalloy at 70% max power results in ~10 μm depth at 300 mm/s and ~3 μm 
depth at 1000 mm/s). The model can be calibrated in less than 20 minutes on a modern computer, 
and due to the simple experimental calibration required, it can be easily applied in industrial scenarios 
avoiding the need for time-consuming trial-and-error approaches where all processing conditions 
need to be considered. 
The results shown in the next section present the calibrations and an overview of simple features 
modelled within the current framework, including single trenches at constant and variable feed 
speeds and overlapped trenches at different step-over distances. The tabulated error between 
experimental and modelled surfaces is reported as a % difference in areas of redeposited and 
removed material taken from trench profiles (>2000 profiles, Fig. 5d). For overlapped trenches only a 
single error in areas is reported. The experimental error on the average profiles is defined as one 
standard deviation. Care should be taken when interpreting the errors, especially for overlapped 
trenches, as often, although the predicted amount of material removed/redeposited is close to the 
experimental value, the distribution of such material is not. For this reason, average profiles are also 
shown for selected cases. 
5. Results and Discussion 
This section presents the results and discussion for the calibration and the validation of the modelling 
framework presented above for single trenches (section 5.1) and overlapped trenches (section 5.2). 
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5.1. Validation of model for single trenches 
 
5.1.1 Model calibration for single trenches 
Fig. 5 shows an example of calibration (Eq. 17) performed for a Ni-superalloy sample at 100% 
maximum power (17.2 W) for the modelling of single trenches (Eq. 9) using two single trenches at 300 
mm/s and 1000 mm/s which represents the lower and upper bounds of the feed speed range 
considered.     
 
Fig. 5. Example of the steps needed for calibration of the single trench model using two single trenches at two extreme feed 
speed 𝑉𝑓𝑒𝑒𝑑  (300 mm/s and 1000 mm/s): (a) SEM of experimental trenches, (b) Measurement of experimental surfaces, (c) 
Modelled surface after optimization, and (d) comparisons of modelled and experimental average section profiles. Note: 
workpiece material Ni- superalloy exposed to laser beam at 100% power (17.2W). 
Excellent agreement is obtained between both features produced as can be observed from Fig. 5d, 
with an average error of 1.2%  for material redeposition and 0.7% for material removal respectively 
(see Table 2). Overall, for the calibrations of all sample materials at the power levels investigated, 
Ni100% (17.2 W), Ni70% (12 W), Ni40% (6.9 W), and Ti70%(12 W), the average error is less than 4% 
for material redeposition and 2.4% for material removal  (see Table 2). 
By evaluating the error reported in Table 2, there does not appear to be any significant skewness for 
the prediction of material redeposition and removal. It appears that, as one could have expected, that 
the error present during the model calibration for a particular feed speed range is carried over for the 
whole feed speed range considered (for example, looking at error in prediction of material removal 
for single trenches at 70% power); this emphasizes the need of performing a precise model calibration 
to achieve good surface predictions. 
The good agreement between the profiles of the two trenches used for calibration (Fig. 5d) makes it 
possible to verify some of the assumptions and simplifications made during the formulation of the 
mathematical model. It is quite evident that the effect of feed speed, 𝑉𝑓𝑒𝑒𝑑, can be approximated as 
a simple scaling in the z direction, as the width of the trench is almost constant for the feed speed 
range considered. 
This assumption is valid as long as the combination of material-power is kept constant. Comparing the 
laser footprint 𝐸(𝑟 ) obtained at different powers (Fig. 6) an increase of the width of the trenches can 
be observed as expected. This is the result of the Gaussian energy distribution of the laser pulses, as 
well as the possibility of exciting different mechanisms during the laser-material interaction (e.g. 
vaporization, phase explosion, fragmentation). 
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Furthermore, when comparing the values of the calibrated model parameters (see Table 1), the values 
of the non-linear coefficients 𝛽− and 𝛽+ indicate an increase of material removal/redeposition for 
subsequent pulses. This phenomenon is consistent with the current general understanding and 
modelling of incubation effects using logarithmic laws (which also predicts an increase of material 
removal [16]). 
In the next subsections, results for prediction of single trenches at constant and variable feed speeds 
are presented for both Ni-and Ti- superalloy target materials at different power levels. 
 
Fig. 6. Calibrated laser footprint E(r) for single trenches on Ni- and Ti- superalloy samples for fixed material-power 
combinations. 
 
Table 1 Calibration coefficients for single trenches Ni- and Ti- superalloy samples for fixed material-power combinations. 
Material 
Power 
% (W) 
𝛼− 𝛽− 𝛼+ 𝛽+ 
Ni-alloy 
100 
(17.2) 
4.78 0.110 25.7 0.534 
70 (12) 6.81 0.197 28.7 0.553 
40(6.9) 9.12 0.242 35.6 0.605 
Ti-alloy 70 (12) 9.65 0.180 23.2 0.345 
 
5.1.2 Simulation of single trenches at constant and variable feed speed. 
Single trenches at constant feed speed, 𝑉𝑓𝑒𝑒𝑑, and different power levels have been modelled for 
workpiece samples made of Ni- and Ti- superalloys.  
In Fig. 7 the maximum depth and redeposition height (averaged along the two peaks) is plotted against 
feed speed, together with the prediction of the model, verifying the consistent behaviour (i.e. power 
law relationship, eq. 8) of the ablation process within the feed speed range considered. 
Generally, good agreement is achieved for all cases considered, with an average error of less than 8% 
(see Table 2). Trenches used for the optimization have the smallest error as expected, while the 
highest error is generally obtained for lower values of feed speed.  
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By observing the surface prediction from the longitudinal profiles shown in Fig. 8a in the constant feed 
speed sections at 300 mm/s and 800 mm/s the model can be further evaluated.  
High feed speeds generally result in better prediction. In particular, the model is able to correctly 
simulate the local roughness resulting from the overlapping between pulses, which is the result of 
both material removal 𝐸−(𝑟 ) and redeposition 𝐸+(𝑟) . In contrast, the accuracy is less for the low 
feed speed case. This is due to the random nature of material ejection and subsequent approximation 
of the laser footprint as axisymmetric. This phenomenon is evident by looking at the experimental 
error bars for trenches produced at low feed speed, where a significant volume of melt is produced 
and ejected.  Nevertheless, good average predictions are still obtained for this cases by looking at the 
average errors reported in Table 2. 
A similar discussion can be made about the prediction of maximum redeposition height. It is evident 
from the surfaces shown in Fig. 8b that the nature of redeposition (as pile-up of ejected material) 
appears quite random and results in a very uneven surface, which is difficult to simulate locally, so 
that only average predictions can, therefore, be made. 
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Table 2: Error for single trenches at different feed speed and powers for Ni- and Ti- superalloy samples. 
Material 
Power 
% (W) 
Feed speed (mm/s)  
Error 
300 
(calib.) 
400 500 600 700 800 900 
1000 
(calib.)           
Ni-alloy 
100 
(17.2) 
Avg. 
0.4% 10.9% 9.7% 6.2% 4.9% 2.9% 4.6% -0.8% 
 Red. 0.3% 4.5% 5.2% 2.1% -2.7% -3.1% -4.0% -2.1% 
 Rem. 0.1% 6.4% 4.5% 4.1% 7.4% 6.0% 8.6% 1.3% 
70 (12) Avg. -1.2% 7.9% 8.6% 5.0% 3.0% 3.8% 2.5% -1.3% 
 Red. 0.2% 11.4% 11.7% 8.6% 6.9% 7.7% 4.1% 4.5% 
 Rem. -1.4% -3.5% -3.5% -3.6% -3.9% -3.9% -1.6% -5.8% 
40(6.9) Avg. 0.8% 5.7% -5.7% -5.2% 1.5% -5.9% -8.8% -16.1% 
 Red. -1.9% -2.9% -10.1% -7.4% -4.5% -9.1% -16.5% -21.5% 
 Rem. 2.7% 8.6% 4.4% 2.2% 6.0% 3.2% 7.7% 5.4% 
Ti-alloy 
70 (12) Avg. -0.1% 7.4% 3.8% 2.4% 2.3% -3.7% -2.6% 0.9%  
Red. 0.0% -1.2% -2.7% -4.4% -2.5% -6.3% -5.3% -1.7%  
Rem. -0.1% 8.6% 6.5% 6.8% 4.8% 2.6% 2.7% 2.6% 
 
 
Fig. 7. Modelled and experimental values of maximum depth (a) and redeposition height (b) of single trenches for different 
feed speeds and powers for both Ni- and Ti- superalloys target workpieces 
Fig. 8 also presents the results obtained for trenches produced at continuously varied (decreased) feed 
speed. The model is tested with the highest possible acceleration achievable by the system used (300 
000 mm/s^2). Higher acceleration translates to higher approximation error within our modelling 
framework (eq. 6), but allows the laser to reach the desired target speed faster, limiting the error to 
a shorter path length, partially counterbalancing the negative effects. 
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Results shown in Fig. 8 highlight that a generally good level of prediction can be obtained for both 
maximum depth and redeposition height, with the biggest error limited to the velocity ramp down, in 
particular at lower feed speeds.  
 
 
  
Fig. 8. Examples of single trenches at variable feed speed (300 to 800 mm/s) – Experimental vs. Modelled results: (a) Line 
profiles of maximum depth and redeposition height, and (b) top view of trenches. Ti- superalloy sample at 70% power. 
The results presented in this section allow us to draw some initial conclusions with regards to the good 
performance of the model for the prediction of single trenches, laying the groundwork for the 
subsequent model modification aimed at the prediction of more complex features, such as overlapped 
trenches. 
5.2 Validation of model for overlapped trenches 
 
5.2.1 Model calibration for overlapped trenches 
Prediction of overlapped trenches requires calibration of a modified model framework (Eq. 16). This 
is necessary as it has been observed that the original model underpredicted the removal rate (i.e. 
𝐸−(𝑟)) of material previously redeposited. This is accounted for by introducing an additional linear 
scaling coefficient 𝑘1 (Eq. 10). 
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Fig. 9. Example of calibration for overlapped trenches modelling using 2 trenches at 300mm/s and 1 at 1000mm/s: (a) 
experimental and modelled surfaces and (b) comparisons of average section profiles; Ti-superalloy sample at 70% power 
(12W). 
Fig. 9 shows the profiles used for the calibration for the Ti-superalloy sample at 12W (70% power), by 
using a single trench at 1000 mm/s and two overlapped trenches at 300 mm/s with a step-over 
distance of 40 μm. 
As can be observed, the implementation of the model does not influence the prediction of single 
trenches (i.e. the first of the overlapped trenches at 300mm/s and the single trench at 1000mm/s). 
Furthermore, it appears to be able to predict the over-ablation of redeposited material correctly. 
The value of the coefficients 𝑘1 for Ni and Ti alloys target workpieces at 12 W (70% power) are 2.54 
and 4.13 respectively (see Table 3). The values of the coefficient 𝑘1 are larger than 1, implying an 
increase of removal rate for both target materials. Likely this is linked with the volume of material 
redeposited and the oxidation which takes place during PLA in atmospheric condition [31]. This result 
in a dramatic increase of absorptance due to the lower reflectance of the oxide compare to virgin 
metal, and therefore an increase of material removal rate [32][33]. Mechanical integrity of the 
redeposited layer is also likely to play a role in the apparent increase of ablation rate [19]. 
The larger value of the coefficient 𝑘1 for the Ti-superalloy can also be explained on this premises by 
considering the higher volume of oxidized material, compared to Ni-superalloy, generally associated 
with laser machining of this material [31].  
 
 
Table 3: Calibration coefficients for single trenches Ni- and Ti- superalloy samples for fixed material-power combinations. 
Material 
Power 
% (W) 
𝛼− 𝛽− 𝛼+ 𝛽+ 𝑘1 
Ni-alloy 70 (12) 2.80 0.105 6.13 0.417 2.54 
18 
 
Ti-alloy 70 (12) 5.64 0.046 3.24 0.133 4.13 
 
5.2.2 Simulation of overlapped trenches  
Fig. 10 show a selection of trenches for the Ni- (at 300 mm/s and 600 mm/s) and Ti- superalloy (at 300 
mm/s) samples at 70% power and different step-over distances,  
It is evident that prediction of overlapped trenches with large step-over distances (30/35 μm) 
produces results in good agreement with the experimental data (<6% error, see Table 4); on the other 
hand, the model is not able to perfectly capture the asymmetry of the process in the case of 
overlapped trenches with small step-over distances (15/20 μm), where the distribution of material is 
not predicted correctly. 
Similar errors are reported for the particular case of totally overlapped trenches (i.e. 0um step-over); 
although the features are correctly modelled as symmetric, and low errors (<7% error, see Table 4) 
are obtained for these cases, which signifies a correctly modelled total volume of material removed 
and redeposited, the distribution of material is predicted with less accuracy. 
The origin of these errors can be traced back to surface conditions (i.e. inclination angle) which 
influence the dynamic of melt movement. In the case of small step-over distance, the surface induces 
asymmetry in the distribution of forces (recoil pressure, thermal gradients) which lead to the ejection 
of material with a-non-axisymmetric distribution. In the case of 0um step-over, the model fails to 
account for the higher aspect ratio of the trenches compared to an originally flat surface.  
Whilst, on the one hand, this could limit the applicability of the model for machining deep structures, 
(which lies outside the scope of this framework), on the other, it is quite interesting that the process 
and dynamics of melt movement can be described by a simple linear model for different overlaps, and 
the prediction of “shallow” features is achievable with good success. 
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Fig. 10. Comparisons of average section profiles of overlapped trenches at different step-over distances: (top) Ni- and (bottom) 
Ti- superalloy samples at 70% power.  
 
Table 4: Error for overlapped trenches at different step-over distances for Ni- and Ti- superalloy samples at 70% power.  
Material 
Feed Speed 
(mm/s) 
Step-over distance (um)   
0 μm 5 μm 15 μm 25 μm 35 μm 45 μm 
Ni-based 
alloy 
300 3.8% 4.1% 6.5% 0.9% 2.9% 
0.4% 
(calib.) 
600 5.1% 8.2% 7.9% 8.1% 10.3% 15.5% 
Ti-based 
alloy 
300 
0 μm 10 μm 20 μm 30 μm 40 μm \ 
6.7% 8.5% 17.4% 4.1% 
0.6% 
(calib.) 
 
 
 
6. Conclusion 
Modelling of Pulsed Laser Ablation (PLA) of metallic materials for the prediction of surface geometry 
after machining is a challenging task. The presence of significant volumes of melt ejected and 
redeposited, in particular for nanosecond PLA of metallic materials, as well as the non-linear 
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interaction between successive pulses, often makes mathematical approximation necessary to allow 
an experimentally accurate prediction material removal. 
In this paper, a novel modelling framework has been presented, allowing, from a simple experimental 
calibration, accurate prediction of features produced by a scanned laser beam in materials which 
experience redeposition, validated on two metallic materials (Ni- and Ti- superalloy).   
The main contributions of this paper are: 
- The non-linear effect of the interaction between successive pulses from a scanned laser beam 
can be assumed to reach a steady state after a finite number of pulses. Effectively, this allows 
us to represent the process dynamics as steady state and to formulate a simplified 
mathematical formulation that models the change in surface depth\height as the convolution 
of a radial function E(r) representing the scanned laser beam. Furthermore, the behaviour of 
molten/redeposited material during PLA of metals can also be encapsulated in this approach. 
This allows to account for and predict the resulting effect of the molten material on the final 
surface, and is the main novelty of the framework. 
- When the laser beam is scanned along straight path to produce single trenches, the effect of 
feed speed (i.e. intra-pulse separation distances), result in a simple scaling of the footprint 
function E(r), and the non-linear interaction between successive pulses can be expressed as 
function of the feed speed through a power law relationship for a fixed set of laser-material 
(wavelength, power, repetition rate, beam diameter) combination. Prediction of straight 
trenches at constant and variable feed speed has been successfully reported with an average 
error of less than 8%. 
- For overlapped trenches, it has been found that redeposited material is removed at a higher 
rate compared to virgin material, likely due to changes in microstructure and chemical 
composition. This phenomenon can be incorporated into the model using a simple linear 
scaling of the footprint function E(r). Good predictions are obtained for overlapped trenches 
at large step-over distances, with errors of less than 10%. This further demonstrates that the 
dynamics of melt movement can be predicted by a simple linear model, and the influence of 
the surface condition (i.e. inclination angle) is limited. In contrast, overlapped trenches at low 
step-over distance lead to problems in predicting the correct distribution of material but 
maintain a similar level of errors (less than 10%). As expected, the surface introduces non-
linearity/asymmetry in the dynamics of the forces responsible for the movement of molten 
material, rendering the process more difficult to simulate. 
The results shown and the framework presented in this paper could provide a significant step 
forward in process simulation of PLA for prediction of surfaces during machining of shallow 
features in materials where redeposition occurs. 
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